Open-access microcavities are emerging as a new approach to confine and engineer light down to the λ 3 regime. Indeed, they offer direct access to a highly confined electromagnetic field while maintaining tunability of the system and flexibility on the light emitter studied. In this article, we present the first development beyond the single open-access cavity design using a Focused Ion Beam fabrication method. Based on experimental and theoretical investigation, we demonstrate the engineering of the coupling between two open-access microcavities with radius of curvature of 6 µm. We study the evolution of spectral, spatial and polarisation properties through a transition from isolated to coupled cavities. Normal mode splittings up to 20 meV are observed for total mode volumes around 10 × λ 3 . This work is of importance for future development of photonic circuits for quantum computation, optical meta-materials and lab-on-a-chip sensing.
INTRODUCTION
Optical microcavities, owing to their small confinement volume, serve to enhance the light-matter interaction. They significantly improve the control and the sensing capacities on any matter situated in the confined region. Epitaxial and monolithic microcavities have revolutionised various fields such as quantum optics [1] , lasing [2] , optomechanics [3] and optical sensing [4] . Owing to the improvements in the fabrications methods of these devices, it has already been possible to move beyond the single cavity design towards coupled cavities [5] and also on-chip photonic circuits [6] [7] [8] . Engineering of such structures allows to obtain rich cavity spectra variations as well as complex spatial wavefunctions. As a striking example, spectral engineering has been used as a central feature to realize ultrabright sources of entangled photon pairs based on semiconductor quantum dots [9] . Moreover the use in arrays may allow advances in photonic quantum simulations [10] , taking advantage of recent developments of both conceptual [11] and experimental nature [12] . Further applications range from Bose-Einstein condensation [13, 14] , the strong coupling of polaritons [15] [16] [17] to the design of optical meta-materials [18, 19] .
The open-access microcavity is an emerging alternative to epitaxial and monolithic approaches. These cavities are made up of two micron-scale mirrors facing each other, one being concave in order to confine light in all the direction of space. Each mirror can be tuned independently and the maximum of the electromagnetic field can be directly accessed. A large effort has been recently devoted to the miniaturisation of these structures. In addition to their full tunability and their flexibility in terms of emitters studied, mode volumes down to λ 3 and optical finesses up to 10 4 have been demonstrated [20] [21] [22] . The open-access technology is particularly attractive for the field of photonic engineering since the photonic potential can be directly tuned by modifying the topography of the concave mirror.
In this work, we describe the first study on the coupling engineering between two cavities resulting in the formation of 'supermodes' [5, 7] . We present the experimental realization and the theoretical description of such open-access coupled microcavities. Two identical cavities are gradually merged moving from two uncoupled oscillators (cavity fully separated) to a single one (cavity fully merged). In between, the hybridisation of the fundamental mode as well as the four first transverse excited states is followed. The spectral properties through this transition are described experimentally and theoretically. Moreover, taking advantage of the intrinsic tunability of this system, we demonstrate the anti-crossing behaviour of this strongly coupled system by simply changing the angle between the two mirrors. This study paves the way for more complex open-access microcavities structures such as cavities coupled via in-plane wave-guides or coupled cavity chains which are central building blocks of open-access photonic circuits [10, 11] . Such new devices, once coupled to emitters or to fluidic channels [23] , promise fruitful interaction with the field of quantum optics and lab-on-a-chip optical sensing. 
CHIP DESIGN AND EXPERIMENTAL SETUP
In the hemispherical configuration, an open-access microcavity consists of a concave and a flat mirror. Starting from flat Silica substrates from UQG Optics, we pattern one of them with a Focused Ion Beam (FIB) [21] in order to produce concave templates. Our fabrication method produces the desired shape with nanometer accuracy [24] . These templates are then coated with Distributed Bragg Reflectors (DBR's) at the Thin Film Facility of the Department of Physics (University of Oxford). In this work, we used 10 pairs of SiO 2 /TiO 2 giving a macro-reflectivity above 99.7%, corresponding to a maximum achievable finesse ∼ 1000.
In order to study the gradual coupling behavior between two cavities, we produced chips with 13 × 13 features with varying cavitiy distance d. The single feature shape was chosen to be the isophase surface of a Gaussian mode (for further information on the exact shape and cavity merging parameters see Supplement 1). Fig. 1 a) displays a FIB micrograph of the result of this process on a Silicon substrate, Silica being non-conductive. On this example, the parameter d is scanned from d = 10 µm along the x axis (bottom cavity) to d = 10 µm along the y axis (top cavity), going through fully merged cavity for d = 0 µm along both axis. The spectral properties of the fully merged cavities and separated ones are expected to be similar since they feature the same depth and radius of curvature (RoC).
Once the two mirrors are brought close to each other within tens of microns, they are made parallel using a Thorlabs Kinematic mount and the Fabry-Pérot fringes present in the planar part of the mirrors with an accuracy of 10 −2 degrees. The cavities are placed close to one of the rotation axis of the mount. In this configuration, we are able to tune the relative angle between two adjacent coupled cavities without inducing significant cavity length changes (see Fig. 1 b) ). The mode properties of individual cavities are now accessible with a laser transmission experiment in which the cavity length is swept with a piezo-microactuator. Another way of obtaining this spectral and spatial information is used in the strong coupling demonstration, where we used the fluorescence of a dense layer of quantum dots to populate the cavity modes (for more detailed experimental description see Supplement 2).
MODE FORMATION THEORY AND MODELLING
The light confinement in an optical cavity depends on the mirror separation (longitudinal confinement) and the geometry of the concave feature on the mirrors, which lead to transversely confined states. The solutions of the paraxially approximated Helmholtz equation for cavities in the plano-concave geometry are the well-known Hermite-Gauss modes H q,m,n (x, y, z). A state is defined by three natural numbers q, m and n, where q denotes the longitudinal and m, n the transverse excitation quantum numbers, counting the number of nodes of the electric field in the respective planes. For an azimuthally invariant cavity those modes are (m + n + 1)-degenerate but slight deviations lift the degeneracy and produce energy differences between the states. Each of these states has a further twofold polarisation degeneracy.
In the modemixing formalism introduced by Kleckner et al. solutions of the field distribution for a real cavity environment are approximatively found by solving the eigenvalue equation M |Ψ i = γ i |Ψ i [25] . The eigenvectors of a given modemixing matrix M represent stable cavity modes |Ψ i , where the eigenvalue γ i corresponds to the scaling factor the amplitudes undergo for each round trip in the cavity and |Ψ i is a linear superposition of initial basis states ψ j . A natural choice for the ψ j is given by the normalised H q,m,n (x, y, z) forming an orthonormal basis in the transverse plane [26] . The spatial aspects of the cavity lead to the construction of M, which is obtained by modulating the pairwise overlap of all basis states with the phase accumulated relative to a given plane due to the shape of the concave mirror ∆(x, y) (see Supplement 1) . To introduce further aspects of the real cavity environment such as the angle between the mirrors, we deform ∆(x, y) by applying rotation matrices inducing a tilt by angle θ around the x axis ( Fig. 1 b) ). Now the full spectrum is obtained by looping over the cavity separation d in small increments. At each d value the spectrum of eigenvalues and eigenvectors of the corresponding modemixing matrix M is analysed, leading to the identification of the low energy modes in question. The spectral position (finesse) is obtained by analysing the phase (magnitude) of the eigenvalue γ i and the spatial wavefunction follows from the composition of the eigenvector |Ψ i (Supplement 3 contains further information on this process). Fig. 2 shows the mode hybridisation process that links the cavity states while merging. The evolution of the modes from fully separated to merged is given by the rules (m, n) + → (2m, n) and (m, n) − → (2m + 1, n). Here the subscript + and − denotes the in and out-of-phase relation between the two bare modes. The rule is illustrated in Fig. 2 a) , where the real part of the wavefunction for the first bound and anti-bound state is plotted alongside microscope images of the coupled cavity feature. The same shift has been applied to all theory graphs throughout this paper. We propose that this mismatch stems from the neglected penetration depth into the DBR (L DBR ≈ 900 nm) in the modemixing theory. Theoretically a decrease of the effective length of the cavity leads to a decreased mode waist on the curved mirror and to smaller inter-modal coupling, effectively shifting the curve to the right (towards smaller d values). With this compensation we obtain quantitatively well matched mode splittings across the whole d parameter range. In general each of these modes is twofold degenerate with respect to polarisation. Fig. 2 c) shows the lifting of this degeneracy for the first bound state for intermediary d values between d = 7.0 µm and d = 8.6 µm, where the eccentricity of the concave shape is maximal, leaving two well distinguishable crosspolarised peaks (see inset of Fig. 2 c) ). Below and above these values no polarisation induced splitting is observed within the linewidth resolution limit given by the coating limited finesse values of ≈ 1000 (limit shown by ∆P min ). The evolution of the splitting with d tends to rule out a birefringence originating from the coating. In addition, we have checked over identical samples that the lower energy mode is always polarized perpendicularly to the coupling direction. As it is explained in reference [27] , the polarisation splitting of the fundamental mode can also originate from nonparaxial field components along the longitudinal axis of the cavity. This effect is enhanced in our structure due to the small RoC compared to reference [27] . The maximal value of the splitting were taken from [27] , and gives ∆P max by evaluating ∆P = 2 λ 4πkR for the eccentricity = 1. As seen on Fig. 2 d) , this prediction is in good agreement with our measurement for highly elliptical cavities (d 7.5 µm). At this position, the coupled cavity profile transits from saddle shaped to elliptical. For , where γ i is the eigenvalue corresponding to the eigenmode in question [25] . The experimental limit is given by the dashed line and shows that the coating is the limiting factor for our system.
RESULTS

A. Mode hybridisation
has the same parity. In this manner the bound state (q, 0, 0) has a dip at d = 3.85 µm where it is in resonance with the (q + 1, 2, 2) state. This phenomenon has recently been reported for single cavities by Benedikter et al. [28] . Experimentally the resolution of these dips was not possible due to the relatively low coating limited finesse (dashed line in Fig. 2 d) ) -an obstacle which could be overcome by increasing the reflectivity of the DBR, allowing values as high as F ≈ 4 × 10 4 .
Following the mode evolution for higher excited transverse states we have similarly observed avoided crossings between modes of same (m, n) parity. One of these anticrossings occurs between state (1, 2) and (5, 0) in single cavity notation around d 6.31 µm with a splitting ofhΩ = 0.26 meV. Fig. 3 shows the analysis of this phenomenon, depicting the spatial wavefunctions (a), the mode positions (b, left ordinate) and the mode finesses (b, right ordinate) as obtained with the modemixing formalism by looping over d in 2.5 nm increments. The gradual exchange of the mode identity given by its finesse and spatial wavefunction is accompanied by an avoided level crossing visible in the spectral domain.
B. Length dependence
The unique length tunability of open-access microcavities allows us to explore the cavities spectrum when varying the longitudinal mode number (or absolute cavity length). In this set of experiments, the cavity length is scanned over the full stability range. The complete spectrum is then separated into the different mode numbers. Fig. 4 a) and b) present these logarithmic spectra stacked on top of each other for d = 7.77 µm and d = 7.41 µm. The bound state mode position is always set to zero detuning. The absolute length detuning for each curve is given on the right side of Fig. 4 a) and b) . The smallest optical cavity length achieved is 1.4 µm which is the smallest length attainable without putting the mirrors into contact (including the DBR penetration depth). Above L ≈ 4 µm, the cavity mode linewidth increases significantly because of diffraction losses [25] . For L =3 µm the mode spacing corresponds to the values shown in Fig. 2 b) for the respective d parameter. On both Fig.  4 a) and b) , the bound (B) and anti-bound (AB) states are highlighted with black dashed lines. The splitting between these two states is increasing with the absolute cavity length. This is consistent with the fact that the mode waists, and therefore the mode overlap, is increasing for larger length leading to an increased inter-modal coupling. A similar behaviour can be observed for higher excited states as well. For the cavity with d = 7.77 µm (respectively d = 7.41 µm), the splitting is then tuned from 2.7 nm to 8.6 nm (respectively 17.7 nm to 28.3 nm) by steps of 0.8 nm (respectively 1.7 nm). Therefore, a wide range of spectral mode positions with variable coupling along with differing cavity mode volumes can be explored independently and in-situ owing to the open access paradigm.
C. Strong coupling demonstration
In order to prove that the system undergoes a strong coupling transition and that the spectral splittings are not just an effect of the cavity shape, we decided to demonstrate the characteristic anti-crossing behavior between the ground state and first excited state. Interestingly, for open-access microcavities, this experiment can be simply performed by changing the angle between the two mirrors, which will induce a relative cavity length difference between the two cavities. This experiment was performed for a separation parameter d = 7.45 µm and for the angular range: −0.25 • < θ < 0.15 • (see Fig. 1 b) for visuali- (see 1 b) ). The dots correspond to experimental results with linewidths given by the errorbars and agree well with the theory (lines). The insets depict the spatial wavefunction for the two modes as observed experimentally (grey colorscale) and predicted theoretically via modemixing (blue-red colorscale). sation). For each angle, the length of the cavity was adjusted to put the ground state n + m = 0 at a fixed spectral position λ = 640 nm. Each mode was split due to the cavity eccentricity and was fitted with a double lorentzian function. The width and the position of the two peaks showed the same behaviour and contain the same information, which is plotted in Fig. 5 as a function of the angle θ. The dots denote the mean value of the fitted peaks and the errorbars give their respective linewidths. The continuous line is the result obtained with the modemixing formalism with rotation matrices R x (θ) applied to modulate the mirror shape ∆(x, y). The anticrossing behavior is clearly observed. For Fig. 5 , the strength of the coupling, defined by the ratio of the mode splitting Ω and the linewidth of the modes Γ, gives a value of f = Ω Γ = 2, demonstrating the strong coupling character of the system. For large separation d, the strong coupling regime vanishes for f = 1 which corresponds, in our case to a separation of d = 8.1 µm. Further pictorial confirmation of the accurate description by the modemixing formalism is given by the spatial wavefunctions obtained theoretically (red-blue colorscale insets) and experimentally (grey colorscale insets). Noteworthy is the change in intensity of the two lobes which is a direct consequence of the change in length of the respective recess of the coupled cavity form. The phenomenon can be understood by following the evolution of the single states which correspond to each recess forming the ground state for the bound, in-phase configuration and the first excited state for the anti-bound, out-of-phase configuration. The same behavior is seen for higher excited supermodes, which show less pronounced angular sensitivity the higher the excitation number m in the elongated direction is. As demonstrated in this manner the angular degree of freedom provides for another way to adjust the inter-modal coupling.
CONCLUSIONS
In this work we have demonstrated control over coupled openaccess microcavities. We presented experimental results from an in-house fabricated chip covering a large cavity separation d range and compared the results with predictions obtained by a modemixing formalism. Furthermore, the strongly coupled character of the bound and anti-bound states is demonstrated by the mode anti-crossing. By making use of the degrees of freedom which the open-access cavity provides in-situ (length and angular tuning), the spectral fingerprint of the system can be freely adapted.
This work shows the ability to engineer the mode structure of coupled cavities as a fundamental building block for photonic open-access devices.
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Supplemental Materials
S1. CHIP DESIGN
We chose the shape of a single cavity to be the isophase surface of a Gaussian mode [26] . We keep this formulation for radial displacements that extend well beyond the paraxial approximation. This approach provides us an analytical form as well as a smooth shape which is ideal to prevent any crack formation in the DBRs. The phase of a Gaussian cavity mode at a position (x, y, z) is given by:
where R(z) is the radius of curvature (RoC) for x = y = 0 and is given by R(z) = z 1 + z R z 2 , z R = (πω 2 0 )/λ is the Rayleigh length and k is the mode wavevector given by k = 2π/λ. In order to confine the light, the cavity length L has to be smaller than the radius of curvature R on axis. In this case, the waist of a Gaussian mode is given by
In this work, we have used a RoC of 6 µm for a targeted cavity length in the middle of the stability range, ie. L = 3 µm. With this set of parameters, the waist is of the order of 800 nm, which leads to a single cavity mode volume of 44 × λ 2
3
. To obtain the surface coordinate z φ as a function of (x, y) of the isophase surface, one has to solve the following equation:
The coupled cavity shape ∆(x, y) is constructed by adding two surfaces defined by the function z φ (x, y) separated by a distance d (blue dashed lines on Fig. S1 a) ) which leads to the equations:
where L Z max is a normalization term that keeps the maximum length of the coupled cavities constant. As long as there is a saddle point in between the two cavities, Z max ≈ L and the normalization factor is close to unity. However, when the saddle point disappears, the normalization factor keeps a constant length for the new structure created. For the cavities presented in this article, these two cases are delimited by a separation d = 7.6 µm. We use the shape given by the function ∆(x, y) as an input of our fabrication method. The lateral extension of the feature is dictated by its depth that we choose to be 400 nm. For a single cavity, a depth of 400 nm corresponds to a diameter around 5.5 µm, which is 7 times larger than the expected waist. Therefore, above 99.99% of the mode is contained within the feature. The normalization term in equation S3 enables the comparison between each feature since the respective fundamental mode energies will be close to each other.
S2. EXPERIMENTAL SETUP
Initially the absolute cavity length is set to 3 µm using a white light transmission experiment (Bentham WLS100). The collected light is then focused on an Andor combined spectrograph/CCD Gaussian mode isophase. The dashed lines correspond to the isophase for two independent cavities separated by 8 µm, the solid blue line to the sum of each independent isophase (eq. S4) taking the normalisation factor into account. The black solid line gives the patterned shape which includes only the last 400 nm of the coupled cavity shape.
with a 300 grooves/mm grating in order to record the transmission spectrum.
We use laser transmission to study the spectral and spatial mode structure of the cavities. A continuous wavelength TOP-TICA laser DL100 (λ = 637 nm) is focused with an aspheric lens with (focal length = 5 cm) onto the chip. The chip is then imaged onto a Andor Newton CCD or an avalanche photodiode from Thorlabs (ref: APD120A2/M). One of the mirrors is mounted onto a ring piezo-actuator from Piezomechanik in order to sweep the cavity length. By spatially selecting specific cavities, we can record the transmission spectrum as a function of cavity length. With this method, each maximum transmission peak is associated with a spatial wavefunction imaged onto a CCD allowing us to count the number of nodes and anti-nodes along the x and y direction, and therefore, properly identify each mode. Since the fundamental mode energy changes significantly as a function of d, we do not have an absolute measurement of the cavity length. Therefore, each mode observed is referred to with its energy difference from the ground (bound) state.
A different method of obtaining single cavity spectra is used in the strong coupling demonstration, where the angle between the two mirrors is varied. Here we embed an ensemble of core-shell CdSe/ZnS quantum dots (Lumidot 640 from Sigma Aldrich) into a thin spin-coated PMMA film on the planar mirror. After initialising the setup to a similar cavity length as above (L 3 µm) with a white light transmission experiment, a PicoQuant LDH-D-C-470 laser with λ = 470 nm and continuous wave mode is focused at a single cavity with moderate power densities of 1000 W/cm 2 to excite the quantum dots and cause emission into the cavity modes around λ = 640 nm. By adapting the cavity length such that the m + n = 0 mode is positioned at λ = 640 nm the relative mode spacing to higher excited states is determined with lorentzian fits to the mode peaks in the cavity emission spectrum, which is recorded with a 1800 grooves/mm grating.
S3. MODEMIXING FORMALISM
In the modemixing formalism stable cavity modes are found by solving the eigenvalue problem MΨ i = γ i Ψ i , where M ∈ Mat(n, n), i ∈ 1, 2, ..., n and Ψ i is an eigenvector with its corresponding eigenvalue γ i . The modemixing matrix M is constructed according to [25] eq. (4) to (6) . Each eigenmode |Ψ i is a linear superposition of initial basis states ψ j . A natural choice for the ψ j is given by the normalised Hermite-Gauss basis states H q,m,n (x, y, z) as defined in [26] . Here j ∈ 1, 2, ..., n maps each dimension of the original modemixing matrix to a combination of transverse excitation numbers m, n. For our purposes a set of the first 500 basis states H q,m,n (x, y, z) ordered by increasing m + n value is chosen. Due to the elongation of the cavity profile in one dimension we truncate the basis set at n + m = 15 in the perpendicular direction allowing modes of order up to n + m = 38 in the elongated direction. For feature separations above d = 8 µm we change the origin of the basis set to co-align with the left feature. Care was taken that both methods produced the same results for an overlapping region 8 µm < d < 8.5 µm. The convergence of the process is evident by the fast decaying contributions of higher order modes in the composition of the eigenstates of M, leading to an accurate representation of the actual field distribution. The exact calculation of the matrix elements is facilitated by the symmetry of the system, allowing the integration to be done in one quadrant only. The method is based on MATLABs quad2d routine with absolute and relative error bounds of 10 −12 and 10 −10 respectively running on a parallel pool with 4 × 8 workers each running at 2.6 GHz. We infer the mode wavelength from the phase ∆ϕ i of the eigenvalue by noticing that λ i = λ 1+
, where λ and L are the wavelength and cavity length defining the original basis states. The mode finesse is obtained by equating F i ≈ 2π 1−γ 2 i , which corresponds to diffraction losses only [25] . This procedure leads to spectral and spatial determination of the mode properties given the approximative validity of the obtained mode representation. The full spectrum of the different cavity separation states is obtained by looping over d in 250 nm increments with a finer mesh of 62.5 nm in the coupled regime for 6.8 µm < d < 8 µm.
